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ABSTRACT 
We give several families of specific irreducible polynomials with the following 
property: if f( x) is one of the given polynomials of degree n over a finite field Fq and 
a is a root of it, then LY E FqO is normal over every intermediate field between Fqn 
and Fq. Here by (Y E Fpn being normal over a subfield Fq we mean that the algebraic 
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conjugates ff, czq,. . . , a4 “-’ are linearly inde 
7 
endent over Fq. The degrees of the 
given polynomials are of the form 2k or f-f:= r ri 1 where t-r, t-a, . . . , r, are distinct odd 
prime factors of 9 - 1 and k, Z,, . . . , 1, are arbitrary positive integers. For example, 
we prove that, for a prime p = 3 mod 4, if x2 - bx - i E F 1+x,] is irreducible with 
b f 2 then the polynomial (x - 1)2L+’ - b(x - 1)“~’ - xg has the described 
property over Fp for every integer k > 0. We also show how to efficiently compute 
the required b E FP. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION AND MAIN RESULTS 
Let q be a prime power and n a positive integer. Let Fq be the field of q 
elements and Fqn the extension over Fq of degree n, a field of q” elements. 
An element a”_: Fg” is said to be nor& over Fq if its algebraic conjugates 
(Y, o!q,..., (Yq are linearly independent over Fg . When (Y is normal, the 
basis {cw, aq,..., oq “-I} is called a normal basis for F n over Fq. In 1888, 
Hensel [9] proved the normal basis theorem (for finite ields) which guaran- P 
tees that there is always a normal basis for Fqn over F for every prime power 
q and positive integer n. In 1986, Blessenohl an cp Johnsen [S] proved a 
stronger theorem, that is, for any prime power q and positive integer n, there 
is an element (Y E Fq. that is normal over every intermediate field between 
Fqn and Fq. In this case, we say that (Y is completely normal over Fq, and the 
basis generated by (Y for F n is c 
K 
alled a completely normal basis over Fq. For 
simpler proofs of Blesseno 1 and Johnsen’s theorem, see [4, 81. The present 
paper is interested in the constructive aspect of the two theorems. 
Another way to describe a normal or completely normal element in Fqn 
over Fq is via its minimal polynomial over Fq. For any element (Y E Fqn of 
degree n, it is easily seen that its minimal polynomial over Fq is l-lylsi<x - 
crq >, which is in F,[ x ] and is irreducible over Fq. Let f be an irreducible 
polynomial of degree n in F,[ x]. We say that f is normal (completely 
normal) over Fq if any of its roots in Fqn is normal (completely normal) over 
Fq. Obviously, if (Y E Fqn is normal (completely normal) over Fq, then its 
minimal polynomial is normal (completely normal) over Fq. 
The problem in general is, for any given Fq and integer n, to efficiently 
construct a normal (completely normal) basis in Fqn over Fq , or equivalently a 
normal (completely normal) polynomial in Fq[ x] of degree n. There are 
considerable amount of work on construction of normal bases over finite 
fields. In some special cases, normal bases are explicitly constructed in 11, 3, 
6, 15, 231. In [7, 21, 221 some general algorithms for normal bases are given, 
but none of them runs (deterministically) in time polynomial in n and log q. 
However, if an irreducible polynomial of degree n in Fq[ x] is given, then 
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polynomial-time algorithms are known [ll, 13, 241. Also, if the extended 
Riemann hypothesis is true, then one can construct in polynomial time a 
normal basis for FP” over F for any prime p and positive integer n, by 
Theorem 5.5 in [14, p. lOl[ F or more information on completely normal 
bases, see [26, 271. 
We show in this paper that completely normal polynomials over Fs can be 
constructed explicitly when the degree n is of the form 2k or II;= r r$ where 
rr,ra>...> rU are distinct odd prime factors of q - 1 and k, I,, . . . , 1, are 
arbitrary positive integers. More specifically, we will prove the following two 
theorems. 
THEOREM 1.1. 
Then 
Let a E Fg be such that xn - a is irreducible in F&r]. 
axn - (x - 1)” (1) 
is a completely normal polynomial over F4. 
THEOREM 1.2. L,etp=3mod4 beaprime. Assumethatx’-bx- 
c E F,[ x] is irreducible with b # 2 and c a quadratic residue in Fr. Then 
(x - lyk+’ _ b( x _ l)2kX2k _ cx2’+’ (2) 
is a completely normal polynomial over FP- for every integer k > 0 and odd 
integer m. 
Some comments on the theorems follow. In Theorem 1.1, to see for 
which n there is an element a E Fg such that x” - a is irreducible, we 
quote the following result. 
LEMMA 1.3 [12, Theorem 3.751. Let a E F: with multiplicative order e. 
Then the binomial x n - a is irreducible in F,[ x] if and only if the integer 
n > 2 satisfies the following conditions: 
(i> each prime fador of n divides e but not (q - 1)/e, and 
(ii) if 4 I n then 4 I q - 1. 
As the multiplicative order of an element in F4 is a divisor of q - 1, we 
see that each prime divisor of n has to divide q - 1. Assume that n satisfies 
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this condition. Then condition (i) in the lemma is satisfied if we take a to be a 
primitive element in F4. This leads to the following corollary. 
COROLLARY 1.4. 
where r1,r2,..., 
Let a be a primitive element in F4 and n = ny=, r,!i 
r, are distinct prime factors of q - 1. We assume that 
q = 1 (mod 4) q some ri = 2. Then (1) is a completely 1u)rmal polynomial 
over F4 for all integers l,, I,, . . . , 1, > 0. 
Anoth? interesting case is when n = 2k. By Lemma 1.3, when q = 1 
mod 4, x - a is irreducible for every k if and only if a is a quadratic 
nonresidue in F4. Thus we have the next corollary. 
COROLLARY 1.5. Let q = 1 mod 4, and let a be a quadratic nonresidue 
in Fg . Then 
is a completely normal polynomial over Fg for every integer k > 0. 
When q = 3 mod 4, Lemma 1.3 implies that x2’ - a is reducible for all 
a E F4 if k > 1. So we cannot get normal polynomials of degree a power of 2 
from irreducible binomials. However, this case is covered by Theorem 1.2. 
In Theorem 1.2, we can take c = 1, and compute b as follows. Let v be 
the largest integer such that 2” I p + 1. Then v > 2, as p = 3 (mod 4). 
Define b, recursively by the formula 
(P+1)/4 
f for 2<i<v-1, 
bi = 
(P+1)/4 
f for i=v 
with b, = 0, and at each step one can choose freely either a + or a - sign. 
Then it is shown by the authors [2] that 
xzk - 2b,x2k-’ - 1 
is irreducible over Fp for every integer k > 1. Hence the required quadratic 
irreducible polynomial in Theorem 1.2 can be found quickly. 
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For completeness, we mention the following construction of completely 
normal polynomials with degree a power of the characteristic. 
THEOREM 1.6. Letpbeaprime.Definef,(x)=rP+xP-‘+”.+~-l, 
fJx> ‘f&P - 1c - l), and fk(x) = fz_. JxP - x - 1) fir k > 2, where 
f *(xl = r”f(l/x) denotes the reciprocal polynomial off(x) with n being its 
degree. Then fc( ) x 
for every k > 0. 
is a completely normal polynomial of degree p k f ’ over FP 
The construction in Theorem 1.6 is due to Varshamov [25], where no 
proof is given; here we just provided an initial polynomial. The proof of the 
irreducibility of the polynomials in Theorem 1.6 can be found in [14, Section 
3.41. To prove that these polynomials are completely normal, we just need to 
check that the second highest coefficient for each polynomial is not zero by 
Corollary 2.3 in the next section. We will leave the details to the reader. 
We learned recently that Scheerhom [20] independently constructed 
several families of normal polynomials over Fq of degree r k where k is an 
arbitrary integer and r is a prime divisor of q(q - 1Xg + 1). For the case 
r I q - 1, since Scheerhom’s construction is similar to that in Theorem 1.1, 
we think that his polynomials are also completely normal. However, the case 
r = 2 and 4 = 3 mod 4 is not covered by his constructions, while our 
Theorem 1.2 deals exclusively with this case. It turns out that the proof of 
Theorem 1.1 is quite straightforward, but the proof of Theorem 1.2 is very 
lengthy. It would be interesting to see if there is any simple proof of Theorem 
1.2. 
We point out that linear algebra plays a central role in the proof of 
Theorems 1.1 and 1.2, which are given in Section 3. In the next section, we 
will first review some basic results on normal elements in finite fields, which 
can be viewed as special cases for cyclic vectors in general vector spaces. 
2. PRELIMINARIES 
Recall that the Frobenius map: 
is an automorphism of F9” that fKes F9. In particular, u is a linear 
transformation of F9,, viewed as a vector space of dimension n over F9. By 
definition, a E F 
9” 
is a normal element over F9 if and only if 
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a, UC?,..., un- ‘zx are linearly independent over Fq. In terms of linear 
algebra, this is equivalent to saying that (Y is a cyclic vector of FqO over Fq for 
o. To characterize all the normal elements, we first determine the minimal 
and characteristic polynomials of u. 
LEMMA 2.1. The minimal and characteristic polynomials for u are both 
xn - 1. 
Proof. Noting that u”r] = rZq” = n for every r) E Fq., we have u” - 
Z = 0. We prove that X” - 1 is the minimal polynomial of u. 
Assume that there is a polynomial f(x) = XyiJ fir’ E Fq[ x] of degree 
less than n that annihilates u, that is, 
n-l 
x0 _w = 0. 
Then, for any rl E Fqn 
n-l 
i I 
n-l 
i~ofiui 7) = c jhq’ = 0, 
i=O 
i.e., 77 is a root of the polynomial F(x) = CyzJ fix’Ji. This is impossible, 
since F(x) has degree at most 9”- ’ and cannot have 9” > 9”- ’ roots in 
FqO. Hence the minimal polynomial for u is x” - 1. 
Since the characteristic polynomial of u is manic of degree n and 
is divisible by the minimal polynomial for u, it must also be equal to 
xn - 1. ??
As the minimal and the characteristic polynomial of u are equal, we 
know from linear algebra that there exists a normal element in Fqn over Fq. 
We can actually give a more precise description of how normal elements are 
distributed in the whole space (Theorem 2.4) and then count them easily 
(Corollary 2.5). For th’ p rp is u ose, we first introduce some notation and give a 
trivial but useful characterization of normal elements. 
For any polynomial g(x) E F,[ xl, g( ) u is al so a linear transformation on 
F “. The null space (or kernel) of g(u) is defined to be the set of all 
e ements (Y E Fqn ! such that g(u>cY = 0; we also call it the null space of 
g( x1. On the other hand, for any element cy E Fqn, the manic polynomial 
g(x) E F,[x] of smallest d e g ree such that g( u >cx = 0 is called the u-order 
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of CC (some authors call it the a-annihilator, the minimal polynomial, or the 
additive order of cr ). We denote this polynomial by Ord,(x). Note that 
Ord,(x) divides any polynomial h(x) annihilating cx [i.e., h(cr)cr = 01. In 
particular, for every CY E Fq., Ord,(x) divides X” - 1, the minimal or 
characteristic polynomial for u. 
Let p denote the characteristic of Fq, and let n = n, p”, where 
gcd(p, nl> = 1 and e > 0. For convenience we denote p” by t. Then 
xn - 1 = [ Pl(~)cp,(~) *** cpt.(41f~ (3) 
where q,(x) E F,[ x], 1 < i < r, are all the distinct irreducible factors of 
xnl - 1. For 1 < i < r, let 
-1 
@i(X) = ?I- 
Vi(') ’ 
(4) 
Then we have a useful characterization of normal elements in F,“. 
THEOREM 2.2 [21]. An element LY E Fqn is normal over Fq if and only if 
q(u)a # 0 for i=1,2 ,..., r. (5) 
Proof. By definition, an element (Y E Fq. is normal over Fq if and only 
if ff, crc~, . . . , ~7 n- ‘a are linearly independent over Fq. This is true if and only 
if there is no polynomial f(x) E F,[ x] of degree less than n that annihilates 
CY with respect to (+ [i.e., f(a>a = 01, i.e., Ord,(x) = x” - 1. The latter 
holds if and only if no proper factor of X” - I annihilates cr, that is, (5) 
holds. ??
COROLLARY 2.3 [l&4, 81. ,?A n = p”, andf(x) = X” + alxn-’ + -9. +a, 
be an irreducible polynomial over Fq , where p is the characteristic of Fq. Then 
fC x> is a completely normal polynomial if and only if a, # 0. 
Proof. Let a E Fq. be a root of f(x). We first determine when (Y is 
normal over Fq. As n = p”, we have X” - 1 = (x - 1)“. So, in (3) r = 1, 
q,(x) = x - 1, and @i(x) = xn-’ + *** +x + 1. By Theorem 2.2, (Y E Fqn 
234 I. F. BLAKE, S. GAO, AND R. C. MULLIN 
is normal over Fq if and only if 
n-l 
@i( o)o = c (~7~ = Tr,.,,( a) Z 0. 
i=O 
Similarly, (Y is normal over an intermediate field Fqd, where d I n, if and only 
if Trqmlq d(a) (the trace from FqO to Fqd) is not zero. Since Tr,.,,(a) = 
TrqdIq(Tr nI,d(a>), if TrqnIq(o) # 0, then Trq.,qd((Y) # 0 for every d 1 n. 
The proo P. is finished, as Trq.,,(a> = --a,. ??
By Corollary 2.3, one can easily prove that the polynomials in Theorem 
1.6 are indeed completely normal. We will not get into any detail here; the 
interested reader is referred to [I4]. 
The following theorem enables us to see the structure of normal ele- 
ments. 
THEOREM_ 2.4 (Decomposition theorem). _L,et Wi be the null space of 
q:(x), and_W, the_null space of (p,r- ‘(x1. Let Wi be any s-ubspace of Wi such 
that Wi = Wi @ Wi. Then 
is a direct sum where wi has dimension di and Gi has dimension (t - IId,, 
where di is the degree of_qcoi(x). Furthermore, an element (Y E Fqn with 
(Y = CL= I( Zi + &), Ei E Wi, iii E gi, is a normal element over Fq if and 
only if Gi # 0 for i = 1,2, . . . , r. 
Proof. The first part of the theorem is just the primary decomposition 
theorem in linear algebra [lo, p. 2201. We only need to prove the second part. 
Note that if i #j then q;(x) I ai( and Qi(o)oj = 0 for any crj E Wj. So 
aqa)a = a$(a)(q + hi) = @i(a)zi + @i(“)cq = aq”)Zi’ 
as aj( x) is divisible by cpt- i(x). Therefore, by Theorem 2.2, (Y is a normal 
element over Fq if and only if @i(c+)Zi # 0 for i = 1,2, . . . , r. 
We prove that ai(a)Ei z 0 if and only if Ei Z 0. Obviously, _if 
@*(o)q # 0 th en Zi # 0. Conversely, let Ei f 0. Then Zi E Wi \ W,, 
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which means that 
%W~* = 
23.5 
0, cp( a)E, # 0. 
So the a-order of iji, is q:(x). If Qi(a)Fri = 0, then @Jr) would be 
divisible by +J[( x). This is impossible from the definition for ai( 3~). ??
If we have a basis for each of the subspaces Wi and Wi, then by putting 
them together we have a basis for Fg” over Fg with the property that an 
element in F4 n represented in this basis generates2 normal basis if and only 
if its coordinates correspondis to the subspace Wj are not simultan_eously 
zero for each i. Noting that W, has qdd - 1 nonzero elements and Wi has 
4 ct- ‘jdf elements, we see that the total number of normal elements in Fg” 
over Fg is l-l:=, qdiCt-‘)(qd* - 1) = q”l7:=,(1 - qmdd). We state this as a 
corollary. 
COROLLARY 2.5 [9, 161. The total number of normal elements in Fgm over 
F4 is 
v(n, 4) = qY&l - q-degP)> 
where the product ranges over the irreducible manic factors of X” - 1 in 
F,[ xl, and deg 9 denotes the degree of CP. 
In the special case that n and q are relatively prime, we have t = 1, 
Wi = {0}, and wi = Wj in Theorem 2.4. We restate this as a corollary. 
COROLLARY 2.6 [19, 221. Suppose that gcd(n, q) = 1. Then 
xn - 1 = cpl(~)cp,(~) *** 40,(X)> 
where cpl( x), . . . , cp,( x) are distinct irreducible polynomials in Fq[ x]. Let Wj 
be the null space of cp,( x). Then 
F4. = W, 8 W, @ ... @ W, (6) 
is a direct sum of u-invariant subspaces; the dimensions of Wi equals the 
degree of pi( xx). Furthermore (Y = Xi= 1 (Y, E F4”, q E Wi, is a normul 
element of F4. over F4 if and only if I+ # 0 for each i. 
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Assume now that gcd(n, 4) = 1. Note that each Wi in the decomposition 
(6) in Corollary 2.6 is a a-invariant subspace and every element in Wi is 
annihilated by pi( u ). As cp,( x) is irreducible, Wi has no proper o-invariant 
subspaces. In this case, we say that Wi is an irreducible u-invariant subspace. 
The decomposition (6) is unique in the sense that if F4. is decomposed into a 
direct sum of irreducible a-invariant subspaces 
Fq. = Vi f3 V, Q ..a 03 V,, 
then s = r and, after rearranging the order of Vi’s if necessary, Vi = W, for 
i = 1,2 , ***> r. As an application of this observation, we look at the special 
case of the degree n when there exists an element a E F4 such that X” - a 
is irreducible over F4. 
We need some notation. The yclotomic coset mod n with respect to q 
that contains an integer I is the subset of (0, 1, . . . , n - 11 given by 
M, = {I, Zq,. . . , Zqm-‘} mod n, 
where m is the smallest positive integer such that Zq”’ = 1 (mod n). Let S be 
a subset of (0, 1, . . . , n - 1) such that M,, and MI, are disjoint for any 
I,, 1, E S, 1, z Z,, and 
{O,L..., n-l) = U M,. 
l=:s 
Any subset S satisfying this property is called a complete set of representa- 
tives of the cyclotomic cosets mod n. 
THEOREM 2.7 [22]. Assume that gcd(n, q) = 1 and that X” - a E F,[xl 
is irreducible. Let 8 be a root of x” - a, and S a complete set of representa- 
tives of the cyclotomic cosets mod n with respect to q. For Z E S, let V, be 
the subspace of F4. spanned over F4 by the elements of the set {em I m E M,}. 
Then 
(7) 
is a direct sum of irreducible u-invariant subspaces. Therefore an element 
a = Cl, s al> LY, E V,, is a normal element if and only if (Y, # 0 for Z E S. 
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Proof. As (1, 8, . . . , ~II”-~} is a basis of Fq” over Fq, (7) is a direct sum. 
Obviously, each V, is o-invariant. We just need to prove that V, is irre- 
ducible. Denote by f[(x> the characteristic polynomial of o on V,. Then the 
degree of fiCx> is equal to dim V, = 1 M,I, and 
(8) 
Since for every integer m > 1 the number of irreducible factors of degree m 
of xn - 1 is equal to the number of I E S such that [AIll = m, which is the 
same as the number of f[Cx>, 1 E S, such that deg fi<x> = m, we see that 
fi<x> is irreducible for all I E S. So (7) is an irreducible a-invariant decompo- 
sition. ??
We are now ready to prove our main theorems. 
3. PROOFS OF THEOREMS 1.1 AND 1.2 
Proof of Theorem 1.1. We use the notation in Theorem 2.7. The 
u-reducibility of X” - a implies that (1) is irreducible over Fq. Let a be root 
of (1) in F4”. Then 0 = ((Y - 1)/a is a root of xn - a. As 
1 
a=-=&(l+B+ 
l-f? 
*** +v’> = c q, 
IES 
where 
it follows from Theorem 2.7 that CI is normal over Fq. To see that Q is 
normal over F4d for any divisor d of n, note that @“Id E F4d and, by Lemma 
13 ~“1~ - enId is irreducible over F d which has 0 as a root. Similar 
argument shows that (Y = l/(1 - 0) z ‘normal over Fqd for any d I n. 
Therefore CY is completely normal over Fq. ??
Proof of Theorem 1.2. Note that a completely normal polynomial of 
degree n in Fq[ x] is a completely normal polynomial in F,,[ x] if and only if 
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gcd(n, m) = 1 [14, Lemma 4.21. It is enough to prove that the polynomial in 
(2) is a completely normal polynomial over FP, as it will remains as a 
completely normal polynomial over FPm for every odd integer m. 
For any fixed k > 0, let cy be a root of (2). Then (Y = l/(1 - 01, where 
8 is a root of 
x2 
t+, 
- bx2' - c. (9) 
The polynomial (2) is irreducible over F,, if and only if the polynomial (9) is 
irreducible over FP. To see that (9) is irreducible, let y be a root of 
x2 - bx - c in FPt. As x2 
y=band yPy, yP+l= 
- bx - c is irreducible over FP, we have y P + 
-c. The second equation implies that 7, and thus 
y P, is a quadratic nonresidue in Fps, since - c is a quadratic nonresidue in 
Fp. It follows from Lemma 1.3 that x2’ - y and x2 - y P are irreducible 
over Fp2 for every integer k > 0. Consequently 
is irreducible over Fp. So 8, and thus (Y, has degree Zk+ ’ over Fp. 
To show that (Y is completely normal over F , we need to prove that 
ff = l/(1 - e) is normal over Fp2i for 0 < i < K + 1. If i > 1, therr+t+e 
proo,f,~flfheor~~~~~~I applies here for n = 2 k+ lpi, q = p2’, and a = tl 2 , 
&SX -8 E F,z~[x] is irreducible over Fpzd when i > 1. It remains 
to prove that (Y is normal over Fp. 
To establish this, we shall use Corollary 2.6. We first factor x2’+l - 1 over 
Fp, then we decompose Fpz k+ 1 into the direct sum of irreducible invariant 
subspaces under the Frobenius map cr : /3 t-+ /3P, /3 E Fpsk+ 1, and at the 
same time we prove that the projection of (Y in each of the subspaces is not 
zero. Our approach is motivated by Semaev [22, $31. 
First some notation is in order. We fix 
p2 - 1 = 2”+%,, p + 1 = 2”h,, p - 1 = 2h,, (10) 
where h,, h,, h, are odd integers. Obviously, 
h, = h,h,, 
P+l 1 + h, = h,2”-’ = - 
2 * (11) 
Let E be the multiplicative subgroup of order 2”+ ’ in Fpz, and let E, C E 
be the set of elements in Fp2 with multiplicative order exactly 2’ for 
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i = 0,1,2 ,...,a+l.ThenE=E,UE,U**~UE,+,.ForanintegerZ,we 
use v(Z) to denote the largest integer u such that 2” I 1. When 1 = 0 we 
define u(Z) = 03. 
The irreducible factors of r 2k+ ’- 1 over Fp have the following forms: 
(a) x - 1, x + 1; 
(b) x2 + 1; 
(c) x2 - (w + 0-l 
Cd> 2 
>x + 1 for o E E, U E, U m-0 U EminIo k+lj; 
-(o-w-l)x-lforwEE,+l,ifk~a; ’ 
(e) x2’+’ - (w - 6’)~~’ - 1 for o E E,+l and 1 < r < k - a. 
This can be seen as follows. Let /3 be a root of x2’+’ - 1. Then p has 
multiplicative order 2’ for some i with 0 < i Q k + 1. The minimal polyno- 
mial m,(x) of p over Fp is an irreducible factor of x~~+’ - 1. If i < 1, then 
ms(x) is either x - 1 or x + 1. If 2 < i < a, then /3 E E \ E,+l and 
~2n=l.As2a~p+l,wehave~~+‘=1;hence~~=~~’#~.Somp(x) 
is of the form (b) or (c). If i > a, then o = j32i-0-’ E E,, 1. In this case, 
“2” = - 1, and ~p+l = Wanhz = (_ l)& = _ 1, 
--o -1. Since x2’-“-’ _ w and r2’-‘-’ _ UP ary ~e~u~~e~v~!eF~~’ b;y 
Lemma 1.3, the polynomial 
(x 
21-o-* - 4( g-“-’ - &)P) = g-” - (w - W-y-n-’ _ 1 
is irreducible over Fp. However, since this polynomial has /3 as a zero, we see 
that m,(x) is of the form (d) or (e). 
Now we proceed to decompose Fpzt+ 1 into the direct sum of irreducible 
a-invariant subspaces. For convenience, we denote t = 2k. We use t and 2k 
interchangeably. Thus 2 t = Zk+ ‘. Let 
y = 0’ = pk. (12) 
Thenyisarootofx2-bx-cand 
o(y) = YP = -C/Y, Y2=by+c, yp+‘= -c. (13) 
Since -c is a quadratic nonresidue in Fp, y is a quadratic nonresidue in Fp2. 
Thus 
Y hlu E Eafl for any odd integer u . 
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We also have 
1 a=_=+ 
l-8 1 - ya 
1 + e + *** +P1 + y + y8 + -** +ye”-1). (14) 
Since 6’ has degree 2t over Fp, the 2t elements 
1,e,..., et-l, 7. ye,. . . , yet-1 (15) 
form a basis for F,B over Fp. 
For 0 < Z < t - 1 = 2k - 1, let 
Ml = {Zpi mod t : i = 0, 1,2,. . .} 
be the cyclotomic coset mod t with respect to p that contains 1. Note that 
Ma = {0}, and for 1 # 0, the size of M, is equal to the smallest positive 
integer i such that 1 = Zp” mod 2k, i.e., 1 = pi mod Zk-“(‘). As 2 and 2’+l 
exactly divide p - 1 and p2 - 1, respectively, we see that 
1 if Z=O, 
1 if 
IMll = 
u(Z) = k - 1, i.e., 1 = 2k-‘, 
2 if k - a Q v(Z) G k - 2, (16) 
2k-Q-a if u(Z) < k - a. 
Let V, be the subspace of Fp 2f spanned over Fp by the elements of the set 
{ er, ye’ : T E M,) . 
Then V, is of dimension 21 Ml1 over Fp, and V, is also a linear subspace over 
Fp2 of dimension IMrl. Let S be a complete set of representatives of 
cyclotomic cosets mod t with respect to p. Then 
is a direct sum. Let 
(Y 1 = &( C er+ yB’). 
6M, 
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Then q E V, and 
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For each I E S, we shall prove that V, is either an irreducible o-invariant 
subspace or a direct sum of two irreducible a-invariant subspaces. Thus we 
obtained all the irreducible a-invariant subspaces of F 2, over FP. To prove 
that (Y is a normal element, it suffices to check that t R e projection of (Y in 
each of the subspaces is not zero. In the first case, the projection of (Y in V, 
is q f 0, nothing to check. In the latter case, we need to find the projection 
of cq in each of the two irreducible subspaces of V, and verify that it is not 
zero. We proceed by cases of 1, in accordance with the types of polynomials 
(a)-(e): 
(A) l = 0; 
(B) v(Z) = k - 1, i.e., 1 = Zk-‘; 
(C) k - a + 1 < u(Z) < k - 2; 
(D) u(Z) = k - a; 
(E) u(Z) < k - a. 
We follow the order (A), (B), (E), (C), (D), since cases (C) and (D) are more 
complicated to handle. 
Case (A): M, = (0) and V,, = Fp @ yF, = Fps. Hence V, is a o-invariant 
subspace with x2 - 1 as annihilating polynomial. As x2 - 1 = (x - 1Xx + 
l), V,, splits into two irreducible o-invariant subspaces. One is evidently Fr, 
with x - 1 as annihilating polynomial. Since c+(y + c/y) = -(y + c/y), 
the other must be (7 + c/y)F, with x + 1 as annihilating polynomial. 
Therefore 
V,, = Fp @ (27 - b)F,. 
(Note that 2-y - b = y + c/y.) It can be checked that 
b-2 
a0 = &(l + 7) = 2(b + c - 1) + - 2(b +: - 1) (2~ - b). 
As b z 2 by assumption, the projections of cq, (or (u) into the irreducible 
cr-invariant subspaces with annihilating polynomials x - 1 and x + 1 do not 
vanish. 
Case (B): M+L = {zkP1} and V,,-, = flzkmlF + yOzkmlF. Noting that 
8” = y E Fpz, we have (8 2’-‘(Pz-192 = ((32’)&’ = I_ It” follows that 
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(yzk-‘(p2-1) = -1, as e2”-’ e FPz. Hence 
( g2 + I)( q = (p-y p-‘(P*-l) + 1) = 0, 
(c2 + 1)@32”~‘) = yfj2k-‘(~2’-‘(P2-1) + 1) = 0. 
Therefore v2k- 1 is annihilated by x2 + 1. As the dimension of v2k- I over FP 
is 2, the same as the degree of x2 + 1, V,t-, is the irreducible invariant 
subspace for x2 + 1. The projection of (Y in v2k-1 is (Y2k-l # 0. 
Case (E): By (16), [Ml1 = 2k-“(‘)-a, so the dimension of V, over Fp 
is 2k-“(‘)-o+ ‘. We prove that V, is cr-irreducible (the projection cxl of cr 
in V, is nonzero). Let 1 = 2”(‘)1, for 1, odd, and let p, = p2k-“‘(r)-‘. Since 
k - u(Z) - a > 1, we have p, = 1 + 2k-“(‘)~ for w odd and 
p; = 1 + 2k-40+1(, + 2k-u(O-lW2). 
Note that p2 - 1 I p, - 1, we have h, 1 w and y2k-“(‘)w = 1, as k - u(l) 2 
u + 1. Define b, = ywll. Then 
b, E Ea+l, b, - b;l E F,. 
Now let 
+lII(x) = xzk-u(‘)-0+’ _ (b, _ b;l)X2k-u’J’-a _ 1. 
Then JII(x) is irreducible over Fp. We show that V, is annihilated by r++(x); 
then V, is a-irreducible, as its dimension is equal to the degree of r,!+(x). 
By definition, V, is spanned over Fp by the 2k-o(‘)-n+1 elements in 
(elp”, yelp” : 6 < 0 Q Zk-“(+ - 1). (17) 
For any integer v, we have 
+r(a)elP” = elp’[ elpYp?-l) _ (b, _ b;i)@‘P”(Pl-i) _ 1] 
= e’p”[ 8 
~k+‘~w+~k-v(f)-‘w”)~, _ (bl _ b;l)e2’wl, _ 1] PO 
= #P”[ y24 _ (bl _ b, l)yd, _ 1] P" 
= erP”[bf - (bl - b;l)b, - 11’” = 0. 
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Since k - u(Z) - a > 1, JII( x) is a polynomial in x 2, and +&a ) is actually a 
linear transform over FPz. So all the elements in (17) are annihilated by I++(X), 
and thus V, is annihilated by +[( x). 
Common arguments for cases (C) and (D): In both cases, we shall show 
that V, splits into two irreducible u-invariant subspaces of dimension 2. Let 
1 = 2’(‘)Z, for I, odd. By assumption, k - a < u(Z) < k - 2. So 
2 Q k - u(Z) Q a. 
Note that Z(p + 1) = 2”(‘)+‘Zlh2 = 2k mod t, as u(Z) + a > k. We see that 
Zp = 2 k - 1 mod t. Thus 
M, = {z,zk - 1). 
The basis for V, over FP is 
I (_p, e2k-~, yel, &t} = {e’, ye-‘, ye’, y”e-‘}. 
SO 
a=L( 
1 1 - y2 
8’ + ye-’ + ye’ + $W) = +-(ez + Y@), 
and 
v, = e’Fp2 e9 e-'F+ 
since FPz = F,(y) = FP CB yF,. Define 
Then 
a2(el) = 8 
1 
2 
= el(y2”-kh1’)2 = elbf (19) 
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Define d, = blc,. Then 
4 = Y 2@-‘(h,+h,)l _ -Y 2’-kh,(l+h,)l _ - (7 
(P+l)/2)2a-‘+“c’)h,l,. 
(21) 
Case (C): Then v(Z) + a - k > 1. It follows from (18) ad (21) that 
bl~E\E,+,,bl+b;‘~Fpand 
For S = 1,2, let 
$&) = x2 + ( -1)6(b, + b;l)x + 1. 
Then q+,,,(x) is irreducible in F,[ x]. For S = 1,2, let V,, c V, be the 
subspace spanned over Fp by 
q$’ = 8’ - (-l)“d,K’ and CT/~) = CY-+~ + ( --l)‘dlye-l. 
Then V, = V,, 8 V,,. Since a(&‘) = [(+(e’)]-’ and cr(y) = -c-y-‘, from 
(19) and (20) we have 
J/,,(+&) = e%; + (-q’(b, + b;l)e-zc, + ez 
-(-i)*dr[e-zb;2 + (-i)‘(b, + b;l)ezc;l + e-l] 
= e%,(b, + b;‘)(i - dzc;'b;') 
-( -i)Se-zb;l(bz + b;')(dz - c&J 
= 0 
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and 
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b4,,(+%0) = c[y-Wb,2 + (-ly(b, + b,‘)( -y/c)&, + y-w] 
+( -1)8dl[ye-'b,2 
+(-l@, + b,‘)( -cy-1)&;1 + y0-‘1 
= &bl( b, + b,‘)(l - dlc;‘b~-‘)8’ 
+( -l)*yb,l(bl + &l)(dl - C&&+ 
= 0. 
We see that V,, is annihilated by I,!J~~(c~>. As the dimension of V,, equals the 
degree of r/+,,(x), it follows that V,, is the irreducible o-invariant subspace of 
&(a> for 6 = 1,2. 
By using the identity y2 = by + c, it is easy to check that 
aj = xpp + X2”I(:) + y1q2 + y2ap, (1) 
where 
xr = 
d, + c 
2d,(l - b - c) ’ 
d, - 1 
x2 = 2d,(l - b - c) ’ 
d, - c d, + 1 
” = 2d,(l - b - c) ’ ” = 2d,(l - b - c) ’ 
Since c # - 1 (as - 1 is a quadratic nonresidue in I?,), 
c+1 
Xl -x2 = Y2 - Yl = 2d,(l _ b _ c> + ‘* 
Therefore 
(Xl> x2) + (O,O), ( YlT Y2) # (OPO), 
that is, the projections of ‘Y, (or (Y) in V,, and V,, do not vanish. 
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Case (D): Finally, assume that we are in case (D), that is, v(l) = k - Q. 
Then b, = yhlzl E E,+l and d, = (y(p+1)/2)2”-‘h~‘~, by (18) and (21). We 
have 
since y is a quadratic nonresidue in Fpz and h,l 1 is odd. Thus 
a(dJ = (dJP = -d,. 
Define E = d,/(r + cy-‘). Since a(~ + cy-l) = -(y + cy-‘), we have 
o(e) = E. So E E Fp. For S = 1,2, let 
q$,( x) = 2 + (-l)&(b, - b;‘)x - 1. 
Then $J~~(x) is irreducible in F,[xl. Let V,, c V, be the subspace spanned 
over Fp by the two elements 
a# = e1 + (-l)%(y + cy-‘)e-‘, 
a16 @) = cy-9’ - ( - l)Se(y + cy- l)y&‘. 
Then V, = V,, @ V,,. Note that 
~l,,(~)~# = e%; + (-i)*(b, - b;l)e-lcl - 8’ 
+(+L(y + Cp)e-%;2 
+( -1)6(b, - &I)( -i)‘~(--y - cy-l)elc;l 
-( -i)‘~(y + cy-l)e-l 
= b,(b, - &‘)[I - E(Y + cy-l)c;lbil]el 
-( -l)*t~-~(b~ - b;l)[~(y + CY-l) - c,b,]e-l 
= 0 
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and 
hiw 4’ = cy-‘8%; - (-l)yb, - b;‘)ye-zc~ - q-w 
-( -l)%(y + cy-‘)ye-‘b;2 
-(b, - bz-l)&(y + cy-‘)cy-WC;’ 
+( -l)*E(y + cy-‘)ye-’ 
= cy -lezb,(b, - b;l)[i - E(Y + CY-‘)c;lb;‘] 
+(-i)Sye-zb;l(b, -b;1)[6(~+~~-1) -&] 
= 0. 
We see that V,, is annihilated by qllls(a). As the dimension of V,, equals the 
degree of &(x), it follows that V,, is the irreducible a-invariant subspace of 
&(~7) for S = 1,2. 
By using the identity y2 = by + c, it I ‘s straightforward to check that 
% = Xl% (l) + x,cg + y1ap + y2ap, 
where 
c(b - 2) 
+ ~(l-b-c)(b2+4c) 
2c + b 
c(b - 2) 
2c + b 
Note that 
(c - 1)b - 4c 
Xl -x2 
= ” - ” = 241 - b - c)(b2 + 4c) ’ 
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We claim that (c - l)b - 4c # 0. Suppose on the contrary that (c - l)b - 
4c = 0. Then c # 1 and thus b = 4c/(c - 1). Hence the discriminant 
b2 + 4c = 4c(c + 1j2/(c - 1)‘. The irreducibility of x2 - bx - c would 
imply that c was a quadratic nonresidue in FP, contradicting the assumption 
that c is a quadratic residue in FP. Therefore 
(X17 x2) + (O,O), (Y1> Ye) # won 
that is, the projections of aI (or a) in V,, and V,, do not vanish. 
This completes the proof of Theorem 1.2. 
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